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Switching Models and Dynamics with Delay

In order to model random environment or other random factors, a lot of
switching models such as switching diffusion processes and switching
jump-diffusion processes have been studied extensively.

More often than not, delay (or memory) is ubiquitous and inevitable in the
real world. To deal with more realistic situation, efforts have also been
devoted to the development of dynamic models that take the influence of
past history into consideration.

Hence, dynamics with delay (or memory) have also been studied
extensively.

Today, we would like to consider a class of regime-switching diffusion
processes with infinite delay.
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Model Construction

Let C((−∞, 0];Rd) be the family of continuous functions from (−∞, 0] to
Rd.

Given a real number r > 0 and an integer N ≥ 1, set

Cr : =
{
ϕ ∈ C((−∞, 0];Rd); ‖ϕ‖r := sup

−∞<θ≤0
erθ|ϕ(θ)| <∞

}
,

S : = {1, 2, . . . , N}.

The bigger the positive number r, the more the space Cr contains.
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Model Construction (cont’d)

Let X(t) satisfy the following stochastic functional differential equation
with infinite delay

dX(t) = b(Xt,Λ(t))dt+ σ(Xt,Λ(t))dW (t), t ≥ 0 (1)

with initial data X0 = ϕ∈Cr and Λ(0) = i∈S, where

Xt(θ) := X(t+ θ), −∞ < θ ≤ 0,

is the so-called segment process of X(t) (i.e., solution map), and W (t) is
an d-dimensional Brownian motion. Let Λ(t) be a jump process on the
state space S with the transition kernel such that for any k, l ∈ S and
x ∈ Rd,

P{Λ(t+ ∆) = l|Λ(t) = k,X(t) = x} =

{
qkl(x)∆ + o(∆), if l 6= k,
1 + qkk(x)∆ + o(∆), if l = k,

(2)

provided ∆ ↓ 0.
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A “Sample Path” of a Switching Diffusion with Delay
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Figure: A “Sample Path” of a Switching Diffusion with Delay
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Some Notation

Write R− = (−∞, 0]. Let P(R−) denote the set of probability measures
on R−. Moreover, for any given c > 0, define

Pc(R−) :=

{
ρ ∈ P(R−);

∫ 0

−∞
e−cθρ(dθ) <∞

}
.

Lemma 1 (Wu, Yin and Mei (2017))

Fix c0 > 0 and ρ ∈ Pc0(R−). For any 0 < c < c0,∫ 0

−∞
e−c0θρ(dθ) >

∫ 0

−∞
e−cθρ(dθ) >

∫ 0

−∞
ρ(dθ) = 1,

Pc0(R−) ⊂ Pc(R−) ⊂ P(R−).

The bigger the positive constant c, the less the set Pc(R−) contains.
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Hypotheses

Assume b : Cr × S→ Rn and σ : Cr × S→ Rn ⊗ Rn satisfy the following
conditions:

(A1) For any k∈S and any M > 0, there exists a constant HM > 0 such
that

|b(ϕ, k)− b(ψ, k)| ∨ |σ(ϕ, k)− σ(ψ, k)| ≤ HM‖ϕ− ψ‖r

for those ϕ, ϕ ∈ Cr with ‖ϕ‖r ∨ ‖ψ‖r ≤M .

(A2) For all ϕ, ψ∈ Cr and k∈S, there exist α(k)∈R, β(k)∈R+ and
ρ∈P2r(R−) such that

2〈ϕ(0)− ψ(0), b(ϕ, k)− b(ψ, k)〉

≤ α(k)|ϕ(0)− ψ(0)|2 + β(k)

∫ 0

−∞
|ϕ(θ)− ψ(θ)|2ρ(dθ).

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 8 / 26



Hypotheses

Assume b : Cr × S→ Rn and σ : Cr × S→ Rn ⊗ Rn satisfy the following
conditions:

(A1) For any k∈S and any M > 0, there exists a constant HM > 0 such
that

|b(ϕ, k)− b(ψ, k)| ∨ |σ(ϕ, k)− σ(ψ, k)| ≤ HM‖ϕ− ψ‖r

for those ϕ, ϕ ∈ Cr with ‖ϕ‖r ∨ ‖ψ‖r ≤M .

(A2) For all ϕ, ψ∈ Cr and k∈S, there exist α(k)∈R, β(k)∈R+ and
ρ∈P2r(R−) such that

2〈ϕ(0)− ψ(0), b(ϕ, k)− b(ψ, k)〉

≤ α(k)|ϕ(0)− ψ(0)|2 + β(k)

∫ 0

−∞
|ϕ(θ)− ψ(θ)|2ρ(dθ).

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 8 / 26



Hypotheses

Assume b : Cr × S→ Rn and σ : Cr × S→ Rn ⊗ Rn satisfy the following
conditions:

(A1) For any k∈S and any M > 0, there exists a constant HM > 0 such
that

|b(ϕ, k)− b(ψ, k)| ∨ |σ(ϕ, k)− σ(ψ, k)| ≤ HM‖ϕ− ψ‖r

for those ϕ, ϕ ∈ Cr with ‖ϕ‖r ∨ ‖ψ‖r ≤M .

(A2) For all ϕ, ψ∈ Cr and k∈S, there exist α(k)∈R, β(k)∈R+ and
ρ∈P2r(R−) such that

2〈ϕ(0)− ψ(0), b(ϕ, k)− b(ψ, k)〉

≤ α(k)|ϕ(0)− ψ(0)|2 + β(k)

∫ 0

−∞
|ϕ(θ)− ψ(θ)|2ρ(dθ).

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 8 / 26



Hypotheses (cont’d)

(A3) With ρ being determined in (A2), for all ϕ, ψ∈Cr and k∈S, there
exist γ > 0 such that

‖σ(ϕ, k)− σ(ψ, k)‖2HS ≤ γ
∫ 0

−∞
|ϕ(θ)− ψ(θ)|2ρ(dθ).

In order to prove the existence and uniqueness for system (1) and (2), let
X(k)(t), k ∈ S, satisfy the following stochastic functional differential
equation with infinite memory

dX(k)(t) = b(X
(k)
t , k)dt+ σ(X

(k)
t , k)dW (t), t ≥ 0 (3)

with initial data X
(k)
0 = ϕ(k)∈Cr.
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Existence and Uniqueness

Under (A1)-(A3), from Wu, Yin and Mei (2017) we know that for each
k ∈ S, the equation (3) has a unique strong solution X(k)(t).

Note that the evolution of the discrete component Λ can be represented as
a stochastic integral with respect to a Poisson random measure.

Then, by using a successive approximation method, we can prove the
system (1) and (2) has a unique strong solution (X(t),Λ(t)) in addition
to assuming that Q(x) = (qkl(x)) is bounded.

The Markovian switching model is a important special case of the
state-dependent switching model.
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Moment Boundedness

Moreover, we can prove that X(t) satisfies the following property.

Lemma 2

Under assumptions (A1)-(A3) and that Q(x) = (qkl(x)) is bounded, it
holds that for any t > 0,

E
(

sup
0<u≤t

e2ru|X(u)|2
)
<∞.

Write Xϕ,k(t) and Λϕ,k(t) to emphasize initial data X0 = ϕ and Λ(0) = k.
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Notaion and Hypotheses (cont’d)

In the sequel, we only consider the Markovian switching case. Put

α = min
k∈S

α(k), α = max
k∈S

α(k), β = max
k∈S

β(k), (4)

χ(k) = γ + α(k) + (γ + β(k))

∫ 0

−∞
e−(2r+γ−α)θρ(dθ), k∈S, (5)

where α(k), β(k), γ and ρ are introduced in (A2) and (A3). Moreover, set

Q̂ := Q+ diag(χ(1), χ(2), . . . , χ(N)) and η := − max
ζ∈spec(Q̂)

Re(ζ), (6)

where Q ≡
(
qkl
)

is the generator of the Markov chain Λ(t), and spec(Q̂)

is the spectrum of Q̂.

(A4) Assume that Q ≡
(
qkl
)

is independent of x and irreducible,
α < 0 and η > 0.
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Useful Exponential Functional Estimates

From Proposition 4.1 in Bardet, Guérin and Malrieu (2010), we have the
following useful lemma.

Lemma 3

Under assumptions (A1)-(A4), there exist constants 0 < c1 < c2 <∞
such that for any i∈S and 0 ≤ u < t,

c1e
−η(t−u) ≤ E

[
exp
(∫ t

u
χ(Λi(v))dv

)]
≤ c2e−η(t−u),

where η is defined in (6).

For definiteness, we need to construct a appropriate probability space.
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Construction of the Probability Space

Set
Ω1 = {ω | ω : [0,∞)→ Rd is continuous with ω(0) = 0}

endowed with the locally uniformly convergence topology and the Wiener
measure P1 so that the coordinate process W (t, ω) = ω(t), t ≥ 0, is a
standard d-dimensional Brownian motion.

Put

Ω2 = {ω | ω : [0,∞)→ S is right continuous with left limit}

endowed with Skorokhod topology and a probability measure P2 so that
the coordinate process Λ(t, ω) = ω(t), t ≥ 0, is a continuous time Markov
chain with the generator Q = (qkl).

Then, let

(Ω,F ,P) = (Ω1 × Ω2,B(Ω1)×B(Ω2),P1 × P2).
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Construction of a Coupling Process

In order to study the convergence and exponential ergodicity in
Wasserstein metric for the processes determined by the system (1) and (2).

We will construct a coupling process (X(t), Y (t),Λ(t),Λ′(t)) for two
copies (X(t),Λ(t)) and (Y (t),Λ′(t)) of the solution to the system (1) and
(2).

To do so, we first construct the so-called basic coupling of the Markov
chains Λ(t) and Λ′(t), then construct a combination of the independent
coupling and basic coupling of X(t) and Y (t).

Note that we need to construct the coupling for X(t) and Y (t) by means
of stochastic functional differential equations since they have no good
generators.

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 15 / 26



Construction of a Coupling Process

In order to study the convergence and exponential ergodicity in
Wasserstein metric for the processes determined by the system (1) and (2).

We will construct a coupling process (X(t), Y (t),Λ(t),Λ′(t)) for two
copies (X(t),Λ(t)) and (Y (t),Λ′(t)) of the solution to the system (1) and
(2).

To do so, we first construct the so-called basic coupling of the Markov
chains Λ(t) and Λ′(t), then construct a combination of the independent
coupling and basic coupling of X(t) and Y (t).

Note that we need to construct the coupling for X(t) and Y (t) by means
of stochastic functional differential equations since they have no good
generators.

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 15 / 26



Construction of a Coupling Process

In order to study the convergence and exponential ergodicity in
Wasserstein metric for the processes determined by the system (1) and (2).

We will construct a coupling process (X(t), Y (t),Λ(t),Λ′(t)) for two
copies (X(t),Λ(t)) and (Y (t),Λ′(t)) of the solution to the system (1) and
(2).

To do so, we first construct the so-called basic coupling of the Markov
chains Λ(t) and Λ′(t), then construct a combination of the independent
coupling and basic coupling of X(t) and Y (t).

Note that we need to construct the coupling for X(t) and Y (t) by means
of stochastic functional differential equations since they have no good
generators.

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 15 / 26



Construction of a Coupling Process

In order to study the convergence and exponential ergodicity in
Wasserstein metric for the processes determined by the system (1) and (2).

We will construct a coupling process (X(t), Y (t),Λ(t),Λ′(t)) for two
copies (X(t),Λ(t)) and (Y (t),Λ′(t)) of the solution to the system (1) and
(2).

To do so, we first construct the so-called basic coupling of the Markov
chains Λ(t) and Λ′(t), then construct a combination of the independent
coupling and basic coupling of X(t) and Y (t).

Note that we need to construct the coupling for X(t) and Y (t) by means
of stochastic functional differential equations since they have no good
generators.

Fubao Xi (BIT) Ergodicity of Regime-Switching SFDEs July 31, 2023 15 / 26



The Basic Coupling of Λ(t) and Λ′(t)

Let the coupling process {(Λ(t),Λ′(t))} be the Markov chain with phase
space S× S and basic coupling operator (see Chen (2004))

Ωf(k, l) =
∑
m

(qkm − qlm)+
(
f(m, l)− f(k, l)

)
+
∑
m

(qlm − qkm)+
(
f(k,m)− f(k, l)

)
+
∑
m

qkm ∧ qlm
(
f(m,m)− f(k, l)

)
,

(7)

where f is a bounded function on S× S.

Define the coupling time

S = inf{t ≥ 0 : Λ(t) = Λ′(t)},

then {Λ(t)} and {Λ′(t)} will move together from S onward.
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The Coupling X(t) and Y (t)

For ϕ, ψ ∈ Cr and k, l ∈ S, set two 2d× 2d matrices as follows:

σ(ϕ,ψ, k, l) =

(
σ(ϕ, k) 0

0 σ(ψ, l)

)
, σ(ϕ,ψ, k) =

(
σ(ϕ, k) 0
σ(ψ, k) 0

)
.

Moreover, using the coupling time S of Λ(t) and Λ′(t), set

σ(t, ϕ, ψ,Λ(t),Λ′(t)) = 1[0,S)(t)σ(ϕ,ψ,Λ(t),Λ′(t))+1[S,∞)(t)σ(ϕ,ψ,Λ(t)).

Let the coupling process (X(t), Y (t)) satisfy

d

(
X(t)
Y (t)

)
= σ

(
t,Xt, Yt,Λ(t),Λ′(t)

)
dW̃ (t) +

(
b
(
Xt,Λ(t)

)
b
(
Yt,Λ

′(t)
))dt, (8)

where W̃ (t) is a 2d-dimensional Brownian motion independent of
(Λ(t),Λ′(t)).
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Explanation on the Coupling X(t) and Y (t)

Since

σ(ϕ,ψ, k, l)σ(ϕ,ψ, k, l)∗ =

(
σ(ϕ, k)σ(ϕ, k)∗ 0

0 σ(ψ, l)σ(ψ, l)∗

)
and

σ(ϕ,ψ, k)σ(ϕ,ψ, k)∗ =

(
σ(ϕ, k) 0
σ(ψ, k) 0

)(
σ(ϕ, k)∗ σ(ψ, k)∗

0 0

)
=

(
σ(ϕ, k)σ(ϕ, k)∗ σ(ϕ, k)σ(ψ, k)∗

σ(ψ, k)σ(ϕ, k)∗ σ(ψ, k)σ(ψ, k)∗

)
,

so (X(t), Y (t)) determined by equation (8) is the independent coupling on
[0, S) and the basic coupling on [S,∞) of X(t) and Y (t), where S is the
coupling time of Λ(t) and Λ′(t).

Namely, before Λ(t) and Λ′(t) are coupled together, X(t) and Y (t) run
independently, whereas from S onward, X(t) and Y (t) couple each other
in the basic coupling manner.
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The Coupling (X(t),Λ(t) and Itself

For the coupling process (X(t), Y (t),Λ(t),Λ′(t)) determined by system
(7) and (8), we have the following observation.

When (X(t), Y (t),Λ(t),Λ′(t)) starts from (ϕ,ψ, k, k), equation (8) can
be rewritten as

{ Xϕ,k(t)=ϕ(0)+

∫ t

0
σ(Xϕ,k

u ,Λk(u))dW (u)+

∫ t

0
b(Xϕ,k

u ,Λk(u))du,

Y ψ,k(t)=ψ(0)+

∫ t

0
σ(Y ψ,k

u ,Λk(u))dW (u)+

∫ t

0
b(Y ψ,k

u ,Λk(u))du,

(9)

where W (t) is a d-dimensional Brownian motion.

For convenience, we will write the above Y ψ,k(t) as Xψ,k(t) in the sequel.
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Convergence and Boundedness of X(t)

By virtue of the above coupling, we can prove the following convergence
and boundedness results for X(t).

Theorem 4

Suppose (A1)-(A4) hold. Then there exist constants C, λ > 0 such that
for each ϕ, ψ ∈ Cr, k ∈ S, and any t > 0,

E|Xϕ,k(t)−Xψ,k(t)|2 ≤ Ce−λt‖ϕ− ψ‖2r .

Theorem 5

Suppose (A1)–(A4) hold. Then there exists constant C > 0 such that for
each ϕ∈Cr and k∈S,

sup
t≥0

E|Xϕ,k(t)|2 ≤ C(1 + ‖ϕ‖2r).
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Convergence of Boundedness Xt

Furthermore, by virtue of the above coupling, the two previous theorems
and Lemma 2, we can prove the following convergence and boundedness
results for the segment process Xt.

Theorem 6

Suppose (A1)–(A4) hold. Then there exist constants C, λ > 0 such that
for each ϕ, ψ ∈ Cr, k ∈ S, and any t > 0,

E‖Xϕ,k
t −Xψ,k

t ‖2r ≤ Ce−λt‖ϕ− ψ‖2r .

Theorem 7

Suppose (A1)-(A4) hold. Then there exists constant C > 0 such that for
all ϕ ∈ Cr and k ∈ S,

sup
t≥0

E‖Xϕ,k
t ‖2r ≤ C(1 + ‖ψ‖2r).
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Suppose (A1)–(A4) hold. Then there exist constants C, λ > 0 such that
for each ϕ, ψ ∈ Cr, k ∈ S, and any t > 0,

E‖Xϕ,k
t −Xψ,k

t ‖2r ≤ Ce−λt‖ϕ− ψ‖2r .

Theorem 7

Suppose (A1)-(A4) hold. Then there exists constant C > 0 such that for
all ϕ ∈ Cr and k ∈ S,

sup
t≥0

E‖Xϕ,k
t ‖2r ≤ C(1 + ‖ψ‖2r).
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Wasserstein Metric

Set E = Cr × S. define a distance d on E:

d((ϕ, k), (ψ, l)) := ‖ϕ− ψ‖r + `(k, l), (ϕ, k), (ψ, l)∈E,

where ` is the discrete distance on S. Thus, (E, d(·, ·)) is a polish space.

Then, as in Chen (2004) we can define the Wasserstein metric between
two probability measures µ, ν∈P(E) as follows:

W(µ, ν) = inf
%∈C (µ,ν)

∫
E×E

d((ϕ, k), (ψ, l))%(dϕ× d{k}, dψ × d{l}),

where C (µ, ν) is the set of all coupling probability measures on E × E
with marginals µ and ν.
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Feller Property of (Xt,Λ(t))

We now consider the Markov process (Xϕ,k
t ,Λk(t)) on the Polish space

(E, d). Let Pt((φ, k), A) denote its transition probability. For the existence
of invariant measure, we need to prove the Feller property for (Xt,Λ(t)).

Proposition 8

Under (A1)-(A3), the process (Xϕ,k
t ,Λk(t))t≥0 has the Feller property.

For a later use, put

P1(E) :=
{
µ ∈ P(E);

∫
E
d((ϕ, k), (ϕ1, k1)µ(dϕ× d{k}) <∞

}
,

where (ϕ1, k1)∈E is arbitrarily given. This space does not depend on the
choice of the point (ϕ1, k1).
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Exponential Ergodicity of (Xt,Λ(t))

Finally, by virtue of estimating the coupling time S, and using the
coupling constructed by system system (7) and (8), Theorems 6 and 7, we

can prove the exponential ergodicity for (Xϕ,k
t ,Λk(t)).

Theorem 9

Under assumptions (A1)-(A4), the process (Xϕ,k
t ,Λk(t))t≥0 admits a

unique invariant measure π ∈ P1(E) and the transition probability
Pt((ϕ, k), ·) converges to it exponentially in the Wasserstein metric. That
is, there exist constants C, κ > 0 such that for each (ϕ, k) ∈ E,

W(Pt((ϕ, k), ·), π) ≤ C
(

1 + ‖ϕ‖r +

∫
E
‖ψ‖rπ(dψ × d{l})

)
e−κt.
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QED

Thank You Very Much!
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